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Adjacency in Binary Matroids 
P. D. SEYMOUR* 
We say that two elements e.f of a binary matroid M are 'adjacent' if there is no minor of M 
isomorphic to AI-(K4 ) which uses both e and f and in which they correspond to opposite edges. 
We give a good characterization of when two elements are adjacent. In particular, we show that 
if M is 4-connected, elements e.f are adjacent if and only if M is either graphic or cographic 
and the elements correspond to adjacent edges of the graph. We deduce a theorem about disjoint 
paths in graphs. 
1. INTRODUCTION 
We shall assume familiarity with matroid theory-for an introduction, see Welsh [6]. 
Throughout this paper we shall be concerned only with binary matroids. Let e, f be 
distinct elements of a binary matroid M. We say that e,f are adjacent in M if M has no 
minor N with the following properties: 
(Ml) e,/E E(N) 
(M2) N = .J.l(K4 ) 
(M3) no circuit of N of cardinality 3 contains both e and f (that is, e and f correspond to 
non-adjacent edges of K 4 ). 
[Some notation: E(M) is the element set of M; K 4 is the complete graph with four 
vertices; .J.l( G) denotes the polygon matroid of the graph G, and .J.l*( G) its bond matroid; 
= denotes isomorphism.] 
This definition represents an attempt to find an extension to binary matroids of the 
adjacency relation in graphs (of edges-two edges are adjacent in a graph if they have 
a common end). It is motivated by the following observation. 
1.1 If e,f are adjacent edges of a graph G then they are adjacent in any graph obtained 
from G by deleting and contracting edges different from e, f, and in particular they are 
adjacent in .J.l( G). 
We also evidently have 
1.2 If e, fare adjacent in M then they are adjacent in M*. 
[M* denotes the dual of M.] 
These observations imply that if e,f are adjacent edges of a graph G then they are 
adjacent in both .J.l( G) and .J.l*( G). Our main result is a characterization when elements 
e,f are adjacent in a binary matroid. We find in particular a partial converse to the 
foregoing; if M is 4-connected (defined later), and e,f are adjacent in M then there is 
a graph Gin which e, fare adjacent edges such that M = .J.l (G) or .J.l*( G). If we specialize 
this result to graphic matroids M, we obtain the following. 
1.3 If e,f are adjacent elements of .J.l( G) and .J.l( G) is 4-connected, then either e,f are 
adjacent edges of G or G is planar and can be drawn in the plane with e, f on a common region. 
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This is a disguised version of an earlier theorem of the author concerning disjoint paths 
in graphs [3], and the derivation here provides an independent proof, described in section 
4. Section 2 contains some preliminaries, and the main result is proved in section 3. 
2. CoNNECTIVITY AND k-SuMs 
If M is a matroid and k > 0 is an integer, a partition (Xh X 2) of B(M) is called a 
k-separation of Mif \X1\, \X2 \ ~ k and 
rM (X1) + rM(X2),;; rM(B(M)) + k -1. 
rM (X) denotes the rank in M of X s B(M). M is said to be k-connected if it has no 
k' -separation with k' < k. 'Connected' means '2-connected'. 
Let Mt. M2 be binary matroids with elements sets Bh B2 , where Bh B2 may intersect. 
We define M 1 L M2 to be the binary matroid with element set B1 L B2 and with cycles all 
subsets of B1 L B2 of the form C1 L C2 , where C; is a cycle of M; ( i = 1, 2). [For sets 
Xh X2 , X 1 LX2 denotes (X1 -X2 ) u (X2 -X1). A cycle of a binary matroid is a subset of 
the elements expressible as a disjoint union of circuits.] 
We are only concerned with two special cases of this operation, as follows: 
(a) When \B1 n B2 \ = 1, and B1 n B2 = {z} say, and z is not a loop or coloop of M 1 or 
M 2 , and \B1\, \B2\~3, M 1LM2 is a 2-sum of M1 and M2 • 
(b) When \B1n B2 \ = 3, and B1 n B2 = Z say, and Z is a circuit of both M 1 and M2 , and 
Z includes no cocircuit of either M 1 or M2 , and \B1\, \B2 \ ~ 7, M 1 L M 2 is a 3-sum of M 1 
and M 2 • 
In either case M1 and M 2 are called the parts of the k-sum. The following results are 
proved in [2]. 
2.1 Let M be a connected binary matroid and let (Xh X 2) be a partition of M with \X1\, 
\X2\~2. Then there are binary matroids MhM2 with B(M1)-B(M2)=Xh B(M2)-
B(M1) = X 2 , such that Mis the 2-sum ofM1 and M2 , if and only if(Xh X 2 ) is a 2-separation 
of M. If so, then Mh M 2 are isomorphic to minors of M. 
2.2 Let M be a 3-connected binary matroid and let (Xh X2 ) be a partition of M with 
\X1\, \X2 \ ~ 4. Then there are binary matroids Mh M 2 with B(M1)- B(M2 ) = Xh B(M2)-
B(M1) = X 2 , such that Mis the 3-sum ofM1 and M2 , if and only if(Xh X 2 ) is a 3-separation 
of M. If so, then Mh M2 are isomorphic to minors of M. 
We shall also require the following results from [1, 2]. 
2.3 For k = 2 or 3, if M is k-connected and is the k-sum of Mh M 2 then M is regular 
if and only if Mh M2 are both regular. 
2.4 If M is 3-connected and regular, then either M has a 3-separation (Xh X 2) with 
\X1\, \X2 \ ~ 6, or M is graphic, or M is cographic, or M is isomorphic to R 10 • 
[R10 is a particular matroid with ten elements. Here the only fact about R10 we need 
is that it has no circuit of cardinality 3.] 
3. THE CHARACTERIZATION 
We now give our main result. It is most conveniently presented by means of a series 
of alternatives, as follows. [If X s B(M), M\X denotes the matroid with element set 
B(M)- X and the induced independence structure, and M/ X denotes (M*\X)*.] 
Adjacency in binary matroids 173 
3.1 Let e,f be distinct elements of a binary matroid M. 
(a) If M has a !-separation (X~> X2) with e,f EX~> then e,f are adjacent in M if and only 
if they are adjacent in M\X2 • 
(b) If M has a !-separation (XI> X2) with e E XI> f E x2, then e,f are adjacent in M. 
(c) If M is connected and has a 2-separation (X~> X2) with e,fE X~> let M~> M2 be the 
parts of the corresponding 2-sum; then e, fare adjacent in M if and only if they are adjacent 
in M 1• 
(d) If M is connected and has a 2-separation (X~> X2) with e EX~> f E X2, let M~> M2 be 
the parts of the corresponding 2-sum; then e,f are adjacent in M if and only if e, z are 
adjacent in M 1 and z,f are adjacent in M2, where E(M1) n E(M2) = {z}. 
(e) If M is 3 -connected and not regular, then e, fare not adjacent in M. 
(f) If M is 3-connected and regular, and has a 3-separation (X~> X2) with e,fE X 1 and 
IX1I, IX2I ~ 4, let M~> M2 be the parts of the corresponding 3-sum; then e,f are adjacent in 
M if and only if they are adjacent in M 1• 
(g) If M is 3-connected and regular, and has no 3-separation (X~> X2) with e,fE X 1 and 
IX11, IX21 ~ 4, then e, fare adjacent in M if and only if there is a graph G with M = Al( G) 
orAl*( G) such that e,f are adjacent edges of G. 
PROOF. Cases (a)-( d) are easy, since Al(K4 ) is 3-connected, and are left to the reader. 
Case (e) is a theorem of [ 4]. For cases (f) and (g) we shall need the following lemma. 
3.2 If { e, f, g} is a cycle of a binary matroid M, and M\g is regular, then the following 
are equivalent: 
(a) M is regular 
(b) e,f are adjacent in M 
(c) e,f are adjacent in M\g. 
[M\g abbreviates M\{g}.] 
PROOF. (a)~(c). If e,f are not adjacent in M\g, choose X, Yc:; E(M\g) such that 
(M\g)\X/Y satisfies (Ml), (M2), (M3). Put N=M\X/Y. Then {e,f,g} is a cycle of 
N and so N is isomorphic to the Fano matroid. Thus M is not regular, by Tutte's theorem 
[5]. 
(c)~(b). If e,fare not adjacent in M, choose X, Y c:; E(M) such that M\X/ Y satisfies 
(Ml), (M2), (M3). Now ge Y, because {e,f} is not a cycle of M\X/Y, and gEXu Y, 
because {e,f, g} is not a cycle of M\X/ Y, by (M3). Thus g EX, and M\X/ Y is a minor 
of M\ G. Hence e, f are not adjacent in M\g. 
(b)~(a). We proceed by induction on IE(M)I. Suppose then that the result is true for 
all smaller matroids, and that M is not regular. If M has a !-separation (X~> X2) with 
{e,f, g} c:; X~> then M\X1 is regular (since M\g is regular) and so M\X2 is not regular. 
But (M\X2)\g is regular, and so by induction e,f are not adjacent in (M\X2). Hence 
they are not adjacent in M. 
We may assume then that M has no such !-separation. Now M\g is regular and M 
is not, and so g is not a loop or parallel element of M. Thus { e, f, g} is a circuit of M, 
and so e,f, g lie in the same component of M. Hence M is connected. If two elements 
of M are parallel, x, y say, then x, y >= g (because g is not a parallel element) and 
{x, y}-,= {e,f} (since {e,f} is a circuit). Thus one of x, y (x say), is distinct from e,f, g. 
Hence M\x is not regular, and so e, fare not adjacent in M\x by induction, and hence 
they are not adjacent in Mas required. We assume then that M has no parallel elements. 
If (X~> X2) is a 2-separation of M, then without loss of generality we may assume that 
IX1 n{e,f, g}l ~ 2. If X 2n {e,f, g} = {z} say, then z is spanned in M by X~> and so either 
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IX2- {z} I~ 1 or (X1 u {z}, X2- {z}) is a 2-separation of M. The first implies that IX21 = 2, 
so that X2 is a circuit or co circuit of M. But IX2 n { e, f, g} I = 1 and M has no parallel 
elements, a contradiction. Thus (X1 u{z}, X 2 -{z}) is a 2-separation of M. We deduce 
that either M is 3-connected or it has a 2-separation (X~> X2) with e,f, g E X1. 
We assume the second. Let M~> M2 be the parts of the corresponding 2-sum. Since 
{e,f, g} is a circuit of M, there is a circuit of M intersecting both X 1 and X2 and not 
containing g, and so M 2 is isomorphic to a minor of M\g (by a result of [2]). Thus M2 
is regular, and so by 2.3, M 1 is not regular. But M 1 \g is regular, since it is isomorphic 
to a minor of M\g, and so by induction e, f are not adjacent in M 1 and hence not in M. 
Thus we may assume that M is 3-connected. By case (e) above, there exist X, Y <;; E(M) 
such that M\X I Y satisfies (M1), (M2), (M3), and so (a) holds as required. This completes 
the proof of the Lemma 3.2. 
We now return to the proof of 3.1. 
Case (f) Suppose that M is 3-connected and regular, and has a 3-separation (X~> X2) 
with e, f E X 1 and IX11, IX21;;. 4. Let M~> M2 be the parts of the corresponding 3-sum. 
Then M~> M2 are regular by 2.3. If for some g E E ( M)- { e, f}, { e, f, g} is a cycle of M, 
then the same is true forM~> and by 3.2 e,f are adjacent in both M and M 1• We assume 
then that there is no such element g. 
Take a new element g and let M+, M7 be the binary matroids in which {e,f, g} is a 
cycle and M+\g = M, M7\g = M 1• Then M+ = M7 6. M2 , and M+ is 3-connected, as is 
easily seen. So M+ is regular if and only if M7 is regular, by 2.3. Thus we have 
This proves case (f). 
e,f are adjacent in M 
~ M+ is regular by (3.2) 
~ M7 is regular 
~ e,/ are adjacent in M 1 by 3.2. 
Case (g) The 'if' part follows from 1.1. We must prove 'only if'. Suppose then that M is 
3-connected and regular, and has no 3-separation (X~> X2) with e, f E X 1 and IX1I, IX21;;. 4, 
and that e, f are adjacent in M. Let g, h be two new elements, and let M ' be the binary 
matroid with element set E(M) u {g, h} such that M+\gl h = M and {e,f, g} is a circuit 
of M+ and {e,f, h} is a cocircuit of M+. (It is easy to see that M+ exists and is uniquely 
defined by these requirements.) 
Now (M+ I h)\g = M, and {e,f, g} is a circuit of M+ I h, and eJ are adjacent in M. 
Thus by 3.2 M+lh is regular, and e,/ are adjacent in M+lh. But {e,f, h} is a circuit of 
(M+)*, and (M+)*\h is regular, and e,/ are adjacent in (M+)*\h; thus by 3.2, (M+)* 
is regular and e,/ are adjacent in (M+)*. Hence M+ is regular and e,f are adjacent in M+. 
Now we apply 2.4 to M+. If M+ has a 3-separation (XI> X2) with IX1I, IX21;;. 6 then 
(X1- {g, h}, X2- {g, h}) is a 3-separation of M with IX1 -{g, h}l, IX2 -{g, h}l;;. 4, and so 
by hypothesis we have eEXt. /EX2 or eEX2, /EX1. Without loss of generality we 
assume that e EXt. f E X2. By symmetry we may assume that g E X 1; but then X 1 spans f 
in M+, and so (X1 u{f}, X 2 -{f}) is a 3-separation of M+, and 
((XI U {f})- {g, h}, X2- {f, h}) 
is a 3-separation of M. But { e,/} <;; (X1 u {f})-{g, h}, and 
I(Xl u {f}- {g, h }I;;. 4 
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and 
IXz-{f. h}~4, 
contrary to our hypothesis about M. Thus M+ has no such 3-separation. It has a 3-element 
circuit, and so is not isomorphic to R 10; and hence by 2.4, it is either graphic or cographic. 
Let a+ be a graph such that M+=.Al(G+) or .Al*(G+). One of{e,f,g}, {e,f,h} is the 
edge-set of a circuit of G+, and so e,f are adjacent edges of a+. The result follows from 
1.1. 
4. AN APPLICATION TO GRAPHS 
In this section we give a new proof of a graph-theoretic result proved in [3]. We begin 
by specializing 3.1 to graphic matroids. [In a graph G, L1(A) denotes the set of vertices 
of V( G)- A adjacent to vertices in As; V( G).] 
4.1 Let e,f be distinct edges of a graph G. Then e,f are adjacent in .Al( G) if and only 
if there are disjoint subsets At. · · · , Ak s; V( G), containing no ends of e, f, such that 
(a) fori=/' j, L1(A;) n A;= 0, 
(b) for 1,;;;i,;;;k,IL1(A&o;;;3, 
(c) for 1 ,;;; i ,;;; k, the subgraph of G induced by A; is connected, 
(d) ifG' is the graph obtained from G by deleting A 1 • • • Ak and (for each i) adding new 
edges joining every pair of distinct vertices in .d(A;), then G' is planar and may be drawn 
in the plane with e, f both on the boundary of the infinite region. 
4.1 follows easily from 3.1 by induction on the size of G, using standard results about 
polygon matroids of graphs, and we omit the details. The following lemma relates our 
'adjacenty' problem to a problem about disjoint paths. 
4.2 Let e,f be disjoint edges of a graph G. Let the ends of e be St. s2 and let the ends 
off be ft. t2 • Then the following are equivalent: 
(a) e,f are not adjacent in .Al( G), 
(b) there are four paths Pn, P12 , P2 t. P22 ofG, such that Pn, P22 have no common vertices, 
P12 , P21 have no common vertices, and Piijoins S; to ti(i,j = 1, 2). 
PROOF. (a)=>(b). Let N be a minor of .Al( G) satisfying (Ml), (M2), (M3). Let Ct. C2 
be the two circuits of N which contain both e and f Choose X, Y s; E( G) such that 
N=.Al(G)\X/Y, and let C~,C~ be circuits of .Al(G) such that c;-Y=C;(i=1,2). 
Now for i = 1, 2, c; corresponds to a circuit of G, D; say. If we remove e and f from D 1 
and D2 we obtain the required four paths of G. 
(b)=> (a). We proceed by induction on IE (G) 1. Let g 1 be the edge of P12 incident with 
St. and let g2 be the edge of P21 incident with s2 • Let V; be the end of g; different from 
S; ( i = 1, 2). If v1 is not in P22 , the result follows from our inductive hypothesis applied 
to the graph obtained from G by contracting g1• We assume then that v1 is in P22 , and, 
similarly, that v2 is in Pn. But now the existence of the required K 4 minor is clear. 
Now let St. ft. s2 , t2 be distinct vertices of a connected graph G. Consider the following 
statement P. 
P There are paths of G from s1 to t1 and from s2 to t2 with no common vertices. 
A characterization of the graphs with statement P false was stated in [3] without proof. 
In this section we derive the same characterization from (4.1), using (4.2). 
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Let G 1 be the graph obtained from G by adding two extra edges e1,/1 joining s1 to s2 
and t1 to t2 , respectively. 
4.3 Statement P is false if and only if the following conditions all hold: 
(a) e1,/1 are adjacent in .JU( G1), 
(b) e2,/2 are adjacent in .Jtl ( G2), 
(c) if there exist two vertex-disjoint paths from {sh s2} to {th t2}, then there exist two 
vertex-disjoint paths from {sh t1} to {s2 , t2}. 
PRoOF. First we prove 'only if'. Suppose then that statement P is false. By 4.2, (a) 
and (b) hold. To see (c), suppose that there are two vertex-disjoint paths Ph P2 from 
{sh s2} to {th t2}. We assume without loss of generality that si is the initial vertex of 
Pi (i = 1, 2). Then since Statement Pis false, P1 joins s1 to t2 , and P2 joins s2 to t1• Hence 
(c) holds. 
To prove 'if', we suppose that statement Pis true, and we must show that one of (a)-( c) 
is false. If (c) is true, then there are vertex-disjoint paths Ph P2 from {s~o t1} to {s2 , t2}. 
Without loss of generality we assume that s1 is the initial vertex of Ph and t1 is the initial 
vertex of P2 • If P1 joins s1 to s2 and P2 joins t1 to t2 then (b) is false by 4.2. If P1 joins 
s1 to t2 and P2 joins t1 to s2 then (a) is false by 4.2. This completes the proof. 
From 4.1 and 4.3 we can derive the characterization of [3], the following. 
4.4 Statement P is false if and only if there exists disjoint subsets A 1 , ••• , Ak ~ V( G), 
containing none of sh t~o s2 , t2 , such that 
(a) for i ~ j, L1 ( AJ n Aj = 0, 
(b) for 1<;;io;;k,IL1(AJI=3, 
(c) if G' is the graph obtained from G by (for each i) deleting Ai and adding new edges 
joining every pair of distinct vertic~s in L1(AJ, then G' is planar and may be drawn in the 
plane with S~o s2 , t~o t2 appearing on the boundary of the infinite region in that order. 
PROOF. The 'if' part of (4.4) is easily seen directly. We prove the 'only if' part. 
Suppose then that statement P is false. By 4.1 and 4.3(a), there exist disjoint subsets 
A~o ... , Ak satisfying (a), (b), (c), except possibly that the order of appearance of 
s~o s2 , t~o t2 on the infinite region is s~o s2 , t2 , t 1; and moreover, the subgraph of G induced 
by each Ai is connected. If this is the order, and there is a cut-vertex of G' separating 
sh s2 and t~o t2 then G' may be redrawn in the required manner. If there is no such 
cut-vertex, then there are vertex-disjoint paths of G', P~o P2 say, such that Pi joins si and 
tj (i = 1, 2). But this contradicts the falsity of statement P, as is easily seen by using the 
fact that each Ai gives a connected subgraph of G. 
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